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Abstract
We study the effect of the radiation parameter in the location, stability and orbital dynamics in the Lagrange configu-
ration of the restricted four-body problem when one of the primaries is a radiating body. The equations of motion for
the test particle are derived by assuming that the primaries revolve in the same plane with uniform angular velocity,
and regardless of their mass distribution, they will always lie at the vertices of an equilateral triangle. The insertion of
the radiation factor in the restricted four-body problem, let us model more realistically the dynamics of a test particle
orbiting an astrophysical system with an active star. The dynamical mechanisms responsible for the smoothening on the
basin structures of the configuration space is related to the decrease in the total number of fixed points with increasing
values of the radiation parameter. In our model of the Sun-Jupiter-Trojan Asteroid system, it is found that despite the
repulsive character of the solar radiation pressure, there exist two stable libration points roughly located at the position
ofL4 and L5 in the Sun-Jupiter system.
Keywords: Four-body problem, Equilibrium points, Radiation forces, Fractal basins boundaries, Orbit classification
1. Introduction
The circular restricted three-body problem is one of
the most iconic problems in celestial mechanics and was
firstly considered by Euler in the context of his lunar the-
ories. This model was refined to a greater extent by the
works of Jacobi, Levi-Civita, Birkhoff, Delaunay, and Hill
[1]. Nowadays its theoretical framework constitutes the
basis of most of the lunar and planetary theories used in
astronautics [2]. In this model, two massive bodies (pri-
maries) rotate about their barycenter in circular or elliptic
trajectories, while the third body moves under the grav-
itational attraction of the primaries without perturbing
their motion. Until today, the study of the dynamics in
the restricted three-body problem is still an active field of
research (see e.g. [3–7]).
The planar restricted four-body problem (henceforth
PR4BP) is commonly referred to as the restricted (3+1)-
body problem. Here, the fourth body has no gravitational
effect on the others, such that can be treated as a system
composed of a test particle in the presence of three pri-
maries. A group of solutions for (3+1)-body problem refers
to the central configurations of the three-body problem,
which include the straight-line equilibrium configuration
(Euler configuration) and the equilateral triangle config-
uration (Lagrange configuration) [8, 9]. The straight-line
equilibrium configuration of the PR4BP can be formally
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derived by introducing an additional primary to the re-
stricted three-body problem in the position of the barycen-
ter, such that the primaries are always in syzygy, while for
the Lagrange configuration the primaries are located at
the vertices of an equilateral triangle (see e.g. [10]).
The Euler and Lagrange configurations of the PR4BP
have been widely studied in the literature, ranging from
the calculation of the equilibrium points and their sta-
bility [10–12] to the computation of families of periodic
orbits [13–17], or the study of the orbital dynamics of es-
cape and collision in these systems [18, 19]. Over the years,
several modifications to the basic Euler and Lagrange con-
figurations have been investigated to understand the influ-
ence and effects of different parameters in realistic celestial
systems. Papadouris and Papadakis studied, under the
assumption of two equal masses, the existence, location,
and stability of the equilibrium points in the photogravi-
tational version of the Lagrange configuration [20], and the
periodic solutions for this system [21]. Singh and Vincent
conducted a similar study but considering all primaries as
radiation sources [22]. Concerning the shape of the pri-
maries, Asique et al. studied the location of the libration
points and their stability in the photogravitational PR4BP
when one of the primaries is an oblate/prolate spheroid
[23], while in Chand et.al. [24], the stability is studied
when the third primary is an oblate spheroid.
Since the incorporation of radiation pressure on the
primary bodies affects the existence and stability of the
equilibrium points, it is important to consider the effect of
the radiation on the orbital dynamics of the system. In the
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present paper, we shall study the four-body problem in the
Lagrangian configuration by considering the primary body
m1 as the radiation source. Here, we extend the works by
Baltagiannis & Papadakis [11], Zotos [18], and Papadouris
& Papadakis [20], by considering not only three different
combinations of mass for the primary bodies (three equal
masses, two equal masses, and three different masses), but
also the radiation pressure. Moreover, taking into account
that in our Solar system the Sun, Jupiter and the Trojan
asteroids form an equilateral triangle configuration, we will
consider the characteristic values of this system for the case
of three different masses.
The structure of the paper is as follows: In section 2,
we give a brief formulation of the problem and then present
the equations of motion. In section 3, we derive general
equations to determine the location and stability of the li-
bration points and also describe the parametric evolution
of these points as a function of the radiation factor. In
section 4, we outline the numerical criteria used for the
classification of orbits and show the parametric evolution
of the orbital structure in the photogravitational Lagrange
configuration of the PR4BP, for the three combinations of
mass under consideration. We end with the main conclu-
sions of this research in section 5.
2. Formulation of the problem and equations of
motion
The photogravitational Lagrangian configuration of the
restricted four-body problem describes the motion of a test
particle m under the gravitational field of three massive
bodies, m1, m2, and m3, with at least one of them being a
radiation source. The primaries revolve in the same plane
with uniform angular velocity, and regardless of their mass
distribution, they will always lie at the vertices of an equi-
lateral triangle.
Figure 1: Schematic representation of the Lagrangian configuration
for the restricted four-body problem.
By using canonical units, the sum of masses of the
primaries, as well as the distance between them, the angu-
lar velocity, and the gravitational constant are normalized
to one. With the barycenter shifted to the origin of the
synodic frame of reference, the positions of the primaries
(xi, yi) can be calculated as a function of the masses, yield-
ing four possible combinations. Here, we choose the ar-
rangement in which the primary m1 is situated on the
positive x−axis and m2 lies on the second quadrant (see
Fig. 1), such that the explicit expressions for the positions
are given by (see e.g. [25])
x1 =
√
m22 +m2m3 +m
2
3 , (1)
x2 = −m3 (m2 −m3) +m1 (2m2 +m3)
2
√
m22 +m2m3 +m
2
3
, (2)
x3 = −m2 (m3 −m2) +m1 (m2 + 2m3)
2
√
m22 +m2m3 +m
2
3
, (3)
y1 = 0 , (4)
y2 =
√
3
2
m3√
m22 +m2m3 +m
2
3
, (5)
y3 = −
√
3
2
m2√
m22 +m2m3 +m
2
3
. (6)
With the previous considerations, the equations of mo-
tion for the photogravitational Lagrange configuration of
the PR4BP in the synodic frame can be written as
x¨− 2y˙ = x−
3∑
i=1
(1− βi)mi(x− xi)
r3i
, (7)
y¨ + 2x˙ = y −
3∑
i=1
(1− βi)mi(y − yi)
r3i
, (8)
with ri =
√
(x− xi)2 + (y − yi)2, and i = 1, 2, 3. The ra-
diation factor is by definition a dimensionless number in
the interval β ∈ [0, 1] [26], representing the quotient be-
tween the solar radiation pressure force Fr and the grav-
itational attraction force Fg [27]. Hereafter, we set β2 =
β3 = 0, i.e., only the primary m1 is a radiating body.
In compact form, the equations of motion for the test
particle in the synodical frame read as
x¨− 2 y˙ = ∂U
∂x
, (9)
y¨ + 2 x˙ =
∂U
∂y
, (10)
where
U =
1
2
(x2 + y2) + (1− β)m1
r1
+
m2
r2
+
m3
r3
. (11)
The dynamical system (9-10) admits the well-known
integral of motion
C = 2U − (x˙2 + y˙2), (12)
which restricts the motion of the test particle to the region
C ≤ 2U .
It is important to notice that throughout the paper
we shall assume that the primaries m1, m2, and m3 hold
2
in an equilateral triangle despite the extra forces. This
assumption is based on the fact that the effects of radiation
pressure of m1 on m2 and m3 are very small and can be
neglected.
3. Libration points and linear stability
As noted in the introduction section, duringthelast decade
some authors have focused on the study of the equilibrium
points and their stability in the Lagrangian configuration
for the PR4BP [11] and the photogravitational PR4BP
[20], by considering the particular case of two equal masses
for the primaries. In this section, we attempt to show
how, besides the radiation factor β, the different combi-
nations of mass (m1 = m2 = m3, m1 6= m2 = m3, and
m1 6= m2 6= m3) affect the location and stability of the
libration points.
The libration points can be calculated by imposing
the conditions: x˙ = y˙ = x¨ = y¨ = 0, while the stability
can be determined by linearizing the equations of motion
Eqs. (9-10) about a fixed point (x∗, y∗). This process
leads to the linearized state-space equation ~˙η = A~η, where
~η = (x, y, η1, η2)
T , with (η1, η2) = (x˙, y˙), whose coefficient
matrix reads as
A =

0 0 1 0
0 0 0 1
A11 A12 A13 A14
A21 A22 A23 A24
 , (13)
with
A11 = 1 +
m1
[
2(x− x1)2 − (y − y1)2
]
[(x− x1)2 + (y − y1)2]5/2
(1− β)
+
3∑
i=2
mi
[
2(x− xi)2 − (y − yi)2
]
[(x− xi)2 + (y − yi)2]5/2
,
A12 =
3m1(x− x1)(y − y1)
[(x− x1)2 + (y − y1)2]5/2
(1− β)
+ 3
3∑
i=2
mi(x− xi)(y − yi)
[(x− xi)2 + (y − yi)2]5/2
,
A13 = 0,
A14 = 2,
A21 = A12,
A22 = 1−
m1
[
(x− x1)2 − 2(y − y1)2
]
[(x− x1)2 + (y − y1)2]5/2
(1− β)
−
3∑
i=2
mi
[
(x− xi)2 − 2(y − yi)2
]
[(x− xi)2 + (y − yi)2]5/2
,
A23 = −2,
A24 = 0.
Accordingly, the characteristic polynomial is given by
P (λ) = λ4 + λ2(4−A11 −A22) +A11A22 −A212. (14)
The libration points are said to be stable if the roots of
P (λ) = 0, evaluated at (x∗, y∗) are complex with negative
real parts or pure imaginary. In all the other cases, the
libration points are unstable.
3.1. Case 1: m1 = m2 = m3
We start by considering the case in which the three pri-
mary bodies have the same mass, m1 = m2 = m3 = 1/3.
From Eqs. (1-6), the location of the primaries (x1, y1),
(x2, y2), and (x3, y3), are respectively(
1√
3
, 0
)
,
(
− 1
2
√
3
,
1
2
)
, and
(
− 1
2
√
3
,−1
2
)
.
Figure 2: (Color online). Parametric evolution of the libration points
for β increasing from 0 to 1. As indicated in the color palette, darker
blue indicates a lower value of radiation factor while lighter blue
indicates a higher value of radiation factor. The primaries are repre-
sented by red dots. L9 and L10 disappear for β ≈ 0.690 as depicted
in the enlargement (inset).
In Fig. 2, we illustrate the evolution of the equilib-
rium points for a radiation factor β varying from 0 to 1.
Through the present section, we shall use a color palette
to represent the variation of the radiation factor β, where
darker blue indicates a lower value of radiation factor (β →
0), and lighter blue indicates a higher value of radiation
factor (β → 1). The positions of the primaries are repre-
sented by red dots. Here, it is observed that as β increases,
L1, L2, L5, and L6, tend to m1, but they disappear be-
fore reaching its position at β ≈ 0.999. Also, it can be
seen that the Lagrangian points L9 and L10 tend to the
same point along the x−axis and completely disappear for
3
β ≈ 0.690. On the other hand, L3, L4, L7, and L8, show
slight displacements from their initial positions.
Regarding the stability of the fixed points, it is found
that in accordance with the results of Ref. [11], for β =
0, all the equilibrium points are unstable. Furthermore,
for values of the radiation parameter greater than zero,
β ∈ (0, 1], the stability of the librations remains unal-
tered, since the corresponding eigenvalues λ1,2,3,4, have the
form: (i) λ1,2,3,4 = ±a± ib for L1, L3, L5 and L6 and (ii)
λ1,2 = ± ib and λ3,4 = ± a for L2, L4, L7, L8, L9 and L10.
Therefore, we may conclude that if the primary bodies are
equal mass, all the equilibrium points of the photogravita-
tional Lagrange configuration of the PR4BP are unstable
regardless of the value of β. We refer the reader to Ta-
ble 1 for additional information about the existence and
stability of the libration points.
Table 1: Existence and stability of equilibrium points with the vari-
ation of the radiation factor β, for m1 = m2 = m3 = 1/3.
Interval Equilibria Stable equilibria
β ∈ [0.000, 0.690] L1,2,3,4,5,6,7,8,9,10 −
β ∈ [0.691, 0.999] L1,2,3,4,5,6,7,8 −
β = 1.000 L3,4,7,8 −
3.2. Case 2: m1 6= m2 = m3
As a second case, we consider the situation in which
two primaries have the same mass m2 = m3 = m. Conse-
quently, the mass of the first primary is given by m1 = 1−
2m, while the positions of the primaries (x1, y1), (x2, y2),
and (x3, y3), according to Eqs. (1-6), read as follows(√
3m, 0
)
,
(√
3
2
(2m− 1), 1
2
)
, and
(√
3
2
(2m− 1),−1
2
)
.
Therefore, the existence and location of libration points
depend on the parametersm and β. In Figure 3, we present
the variation in the position of equilibrium points, for a
radiation factor β increasing from 0 to 1. Each panel rep-
resents a different combination of masses for the primaries.
In the first two panels, m1 = 0.9 and m1 = 0.8, it is ob-
served that the collinear points L3 and L4 do not exist. For
0.2 ≤ m1 ≤ 0.7, ten equilibria exist, while for m1 = 0.1
the non-collinear points L9 and L10 disappear.
Concerning the evolution of the equilibrium points in
terms of the radiation parameter, in Fig. 3 it is observed
that, for larger values of β, the equilibria L9 and L10 move
to the x−axis, such that they almost join each other. L3,
L4, L7, and L8, exhibit very small displacements with re-
spect to their initial positions, while the libration points
L1, L2, L5, and L6, are displaced toward the radiating
body, but disappear for β ' 1. Additionally, in Table 2,
we present the total number of equilibrium points in terms
of β and m. It can be observed that for larger values of
β the total number of fixed points tends to be reduced,
Table 2: Existence of equilibrium points with the variation of the
radiation factor β, for different values of m2 = m3 = m.
m Interval Equilibria
0.05
β ∈ [0.000, 0.934] L1,2,5,6,7,8,9,10
β ∈ [0.935, 0.999] L1,2,5,6,7,8
β = 1.000 L7,8
0.10
β ∈ [0.000, 0.916] L1,2,5,6,7,8,9,10
β ∈ [0.917, 0.999] L1,2,5,6,7,8
β = 1.000 L7,8
0.15
β ∈ [0.000, 0.350] L2,3,5,6,7,8,9,10
β ∈ [0.351, 0.360] L1,2,3,4,5,6,7,8,9,10
β ∈ [0.361, 0.893] L1,2,5,6,7,8,9,10
β ∈ [0.894, 0.999] L1,2,5,6,7,8
β = 1.000 L7,8
0.20
β ∈ [0.000, 0.293] L2,3,5,6,7,8,9,10
β ∈ [0.294, 0.608] L1,2,3,4,5,6,7,8,9,10
β ∈ [0.609, 0.862] L1,2,5,6,7,8,9,10
β ∈ [0.863, 0.999] L1,2,5,6,7,8
β = 1.000 L7,8
0.25
β ∈ [0.000, 0.160] L2,3,5,6,7,8,9,10
β ∈ [0.161, 0.819] L1,2,3,4,5,6,7,8,9,10
β ∈ [0.820, 0.999] L1,2,3,4,5,6,7,8
β = 1.000 L3,4,7,8
0.30
β ∈ [0.000, 0.755] L1,2,3,4,5,6,7,8,9,10
β ∈ [0.756, 0.999] L1,2,3,4,5,6,7,8
β = 1.000 L3,4,7,8
0.35
β ∈ [0.000, 0.647] L1,2,3,4,5,6,7,8,9,10
β ∈ [0.648, 0.999] L1,2,3,4,5,6,7,8
β = 1.000 L3,4,7,8
0.40
β ∈ [0.000, 0.433] L1,2,3,4,5,6,7,8,9,10
β ∈ [0.434, 0.999] L1,2,3,4,5,6,7,8
β = 1.000 L3,4,7,8
0.45
β ∈ [0.000, 0.999] L1,2,3,4,5,6,7,8
β = 1.000 L3,4,7,8
however, the final number of surviving librations is larger
for larger values of m.
For the analysis of the linear stability of the equilib-
rium solution, we begin considering the case β = 0. The
results can be summarized as follows: for m ∈ (0, 0.0027],
L1, L5, and L6 are stable; for m ∈ [0.0027, 0.0188], only
L5 and L6 keeps the stability; and for m > 0.0188 all the
equilibria are unstable. These results are in agreement
with Ref. [11]. In the case β > 0, Table 3 provides a de-
tailed description of the stability of the equilibrium points.
By varying β in steps of ∆β = 1 × 10−2, we obtain the
mass ranges for which L1, L5, and L6 are stable, depend-
ing on the radiation factor β. Also, it can be concluded
that the remaining libration points, L2, L3, L4, L7, L8, L9,
and L10, are always unstable no matter the values set for
the radiation factor β or the mass for the primaries m.
4
Figure 3: (Color online). Parametric evolution of the equilibrium points for β increasing from 0 to 1, where each panel represents a different
value of m = m2 = m3. As indicated in the color palette, darker blue indicates a lower value of radiation factor while lighter blue indicates a
higher value of radiation factor. The primaries are represented by red dots. A closer look at the variation of L1, L9, and L10 is depicted in
the insets.
3.3. Case 3: m1 6= m2 6= m3
Among the infinite set of possibilities for m1 6= m2 6=
m3, we consider the system Sun-Jupiter-Trojan asteroid,
because it is of astrophysical interest and forms a natural
equilateral triangle configuration. In this configuration,
the Sun corresponds to the radiating body m1. Follow-
ing Baltagiannis & Papadakis [28], it is straightforward to
compute the normalized masses for the primaries, which
5
Table 3: Stability of the equilibrium points with the variation of the
radiation factor β, for m2 = m3 = m.
Radiation interval Mass interval Stable equilibria
β ∈ [0.00, 0.60] m ∈ (0.000, 0.002] L1,5,6
m ∈ [0.003, 0.018] L5,6
β ∈ [0.61, 0.70] m ∈ (0.000, 0.003] L1,5,6
m ∈ [0.004, 0.018] L5,6
β ∈ [0.71, 0.75] m ∈ (0.000, 0.004] L1,5,6
m ∈ [0.005, 0.018] L5,6
β ∈ [0.76, 0.79] m ∈ (0.000, 0.005] L1,5,6
m ∈ [0.006, 0.018] L5,6
β = 0.80
m ∈ (0.000, 0.006] L1,5,6
m ∈ [0.007, 0.018] L5,6
β = 0.81
m ∈ (0.000, 0.006] L1,5,6
m ∈ [0.007, 0.019] L5,6
β ∈ [0.82, 0.83] m ∈ (0.000, 0.007] L1,5,6
m ∈ [0.008, 0.019] L5,6
β = 0.84
m ∈ (0.000, 0.008] L1,5,6
m ∈ [0.009, 0.019] L5,6
β = 0.85
m ∈ (0.000, 0.009] L1,5,6
m ∈ [0.010, 0.019] L5,6
β = 0.86
m ∈ (0.000, 0.010] L1,5,6
m ∈ [0.011, 0.019] L5,6
β = 0.87
m ∈ (0.000, 0.011] L1,5,6
m ∈ [0.012, 0.019] L5,6
β = 0.88
m ∈ (0.000, 0.013] L1,5,6
m ∈ [0.014, 0.019] L5,6
β = 0.89
m ∈ (0.000, 0.015] L1,5,6
m ∈ [0.016, 0.019] L5,6
β = 0.90
m ∈ (0.000, 0.018] L1,5,6
m = 0.019 L5,6
β = 0.91
m ∈ (0.000, 0.020] L1,5,6
m ∈ [0.021, 0.023] L1
β = 0.92
m ∈ (0.000, 0.020] L1,5,6
m ∈ [0.021, 0.032] L1
β = 0.93
m ∈ (0.000, 0.020] L1,5,6
m ∈ [0.021, 0.062] L1
β = 0.94
m ∈ (0.000, 0.020] L1,5,6
m ∈ [0.021, 0.030] L1
β ∈ [0.95, 0.97] m ∈ (0.000, 0.021] L5,6
β = 0.98 m ∈ (0.000, 0.022] L5,6
β = 0.99 m ∈ (0.000, 0.023] L5,6
are given by m1 = mS ' 0.999046321943, m2 = mJ '
0.000953678050 and m3 = mA ' 6.99996 × 10−12, where
mS denotes the normalized mass of the Sun, mJ the nor-
malized mass of Jupiter, and mA corresponds to the nor-
malized mass of Hektor, the largest Jupiter trojan. With
the previous values of mass and the aid of Eqs. (1-6), the
positions of the primary bodies can be computed as
(x1, y1) ' (9.53678× 10−4, 0.0),
(x2, y2) ' (−0.999046, 6.35659× 10−9),
(x3, y3) ' (−0.499046,−0.866025).
Due to the very small mass of the Trojan asteroid
in comparison with the other primaries, the problem ap-
proaches a three-body problem configuration, i.e, the po-
sition of the massive primary m1 nearly coincides with
the barycenter, while the primary m2 practically lies on
the x−axis. However, it should be pointed out that in ab-
sence of radiation (β = 0) a non-zero value of mass for m3,
allows the existence of three libration points, additional to
the five well-known collinear and triangular points of the
restricted three-body problem (see [28]).
Figure 4: (Color online). Parametric evolution of the libration points
for the Sun-Jupiter-Trojan Asteroid system, for β ∈ [0, 1]. As indi-
cated in the color palette, darker blue indicates a lower value of
radiation factor while lighter blue indicates a higher value of radia-
tion factor. The primaries are represented by red dots. In the upper
right corner, we show a zoom of the parametric evolution around m3.
The parametric evolution of the libration points for the
Sun-Jupiter-Trojan Asteroid system, for β ∈ [0, 1] is pre-
sented in Fig. 4. As indicated in the previous paragraph,
for (β = 0) there exist eight libration points, four of them
(L4, L5, L6, and L8) nearly coincide with the position of
m3. When β > 0, the equilibria L4 and L6 tend to the
same point but disappear for β ' 0.003. On the other
hand, L1, L3, L7, and L8 move toward the radiating body
m1 and vanish for β ' 0.999, while L2 and L5 barely move,
approaching to its nearest primary.
The stability of the fixed points is shown in Table 4.
It can be observed that for small values of the radiation
parameter, β ∈ (0, 0.003], the librations L6, L7, and L8 are
linearly stable. Nevertheless, as β grows the stability of the
fixed points is modified and only L7 and L8 remain stable
for β ∈ [0.004, 0.999]. Finally, when the gravitational force
6
Table 4: Existence of equilibrium points with the variation of the
radiation factor β, for the Sun-Jupiter-Trojan Asteroid system.
Interval Equilibria Stable equilibria
β ∈ [0.000, 0.003] L1,2,3,4,5,6,7,8 L6,7,8
β ∈ [0.004, 0.999] L1,2,3,5,7,8 L7,8
β = 1.000 L2,5 −
equates the radiation pressure force (β = 1), all the fixed
points become unstable.
Taking into account that in the Solar system β ≈ 10−1,
it is possible to conclude that in the Sun-Jupiter-Trojan
Asteroid system, only the libration points L7 and L8 are
stable, while the remaining equilibria are unstable L1,2,3,5.
Furthermore, as can be observed in Fig. 4 for β = 0 the
libration points L1 and L2 are symmetric about the po-
sition of m2 on the x−axis, however for β > 0 the sym-
metry is broken, with L1 moving toward the Sun and L2
toward Jupiter. In spite of this asymmetry, yet taking
into account its similarities with the PR3BP, it would be
interesting to consider possible applications to solar sail
propulsion around L1 and L2, to provide station-keeping
at quasi-periodic orbits around Jupiter [29].
4. Orbit classification
To investigate how the orbital structure of the system is
affected by the radiation factor, let us start by defining the
numerical criteria used for orbit classification. In general,
there are three possible classes of trajectories for the fourth
body: (i) escape to infinity, (ii) bounded motion around
the primaries; (iii) collision with the primaries. The first
two types of trajectories can be numerically determined as
follows: Defining a disk of radius Re, with center at the
origin of the synodic frame of reference (center of mass of
the Lagrange configuration of the PR4BP), the motion is
considered as bounded if, after a certain integration time
tmax, the fourth body stays confined inside the region de-
limited by the disk. Otherwise, an orbit is considered as an
escaping orbit if the fourth body intersects the disk with
velocity pointing outwards at a time te < tmax. Following
Nagler and Zotos [30–33], we set Re = 10 and tmax = 10
4,
to ensure that the test body has enough time to escape.
Concerning the third type of orbit, we define collision with
a primary if the test particle crosses (pointing radially in-
ward) a disk of radius Rc = 10
−4, with center at the posi-
tion of the primary.
Furthermore, it should be pointed out that bounded
orbits can be sub-classified into regular and chaotic or-
bits. To do so, we shall use the Smaller Alignment Index
(SALI) which is a mathematical tool introduced by Skokos
for distinguishing between ordered and chaotic motion in
conservative dynamical systems [34]. According to the nu-
merical value of SALI at the end of the numerical integra-
tion, all bounded trajectories can be classified into regular
(SALI > 10−4) or chaotic orbits (SALI < 10−8). To com-
pute SALI, we consider the evolution of two orthonormal
deviation vectors ~w1 and ~w2, which are continuously nor-
malized to avoid overflow. Then, the smaller alignment
index is defined as SALI ≡ min(d−, d+), with
d∓ ≡
∥∥∥∥ ~w1‖ ~w1‖ ∓ ~w2‖ ~w2‖
∥∥∥∥ . (15)
In what follows, we take as a scattering region a 2× 2
square grid, with a dense uniform grid of 625× 625 initial
conditions. Employing color-coded diagrams, we aim to
show how the orbital structure is modified by the gradual
variation of the radiation factor β in the interval [0, 1].
The color code is as follows: cyan → collision with m1;
red→ collision with m2; blue→ collision with m3; orange
→ escaping orbit; green → bounded regular orbit; yellow
→ bounded chaotic orbit.
Lastly, it deserves mentioning that in case of colli-
sion and escape orbits, all calculations were performed us-
ing a double-precision adaptive Bulirsch-Stoer algorithm
[35]; while for the case of bounded orbits, since the devia-
tion vectors need to be computed at the same integration
time, a Prince Dormand Runge Kutta 8(7) [36] was im-
plemented. Also, for those orbits where the fourth body
moves inside a region of radius 0.1 around one of the pri-
maries, the Levi-Civita regularization is applied to elimi-
nate the singularities occurring in equations of motion (see
e.g. [37]).
4.1. Case 1: m1 = m2 = m3
In this subsection, we will consider the case m1 = m2 =
m3. Here, a characteristic value of the constant of mo-
tion which allows to clearly observe the evolution of the
configuration space is C = 2.95. In Fig. 5 we plot nine
panels showing the evolution of the orbital structure for
β = 0, 0.125, 0.25, 0.375, 0.5, 0.625, 0.75, 0.875 and 1, re-
spectively.
Our numerical results suggest that in the absence of ra-
diation β = 0 (see the upper-left panel in Fig. 5), the pri-
maries are surrounded by regular islands which are slightly
mixed with chaotic layers. The exterior region is predomi-
nantly occupied by a region of escaping orbits mixed with
collisional orbits. In the center of mass of the system, the
collisional orbits take the form of a “three-blade propeller”
such that each blade contains collisional orbits with a spe-
cific primary. In presence of radiation β = 0.125, the main
differences are the following: the regions associated to col-
lisional orbits which surround the stability islands about
the primaries become wider, while the region of escaping
orbits is reduced due to increase in the forbidden regions
of motion. For larger values of the radiation parameter
(e.g. β = 0.5), the chaotic zones tend to disappear, how-
ever, for β = 0.875 bounded chaotic orbits appear again
around the collisional orbits surrounding m2 and m3. Fi-
nally, it is seen that for β = 1 (see the lower-right panel
in Fig. 5), the mixture of escaping orbits with collisional
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Figure 5: (Color online). Orbital structure in the photogravitational Lagrange configuration of the PR4BP for the case m1 = m2 = m3 = 1/3
when the radiation factor varies, setting C = 2.95. The color code is as follows: cyan → collision with m1; red → collision with m2; blue →
collision with m3; orange → escaping orbit; green → bounded regular orbit; yellow → bounded chaotic orbit.
orbits disappear in the outer region since the zero-velocity
surface disconnects the primaries with the outer region.
Also, it should be noted that the region of escaping orbits
is embedded in a region of regular orbits.
In general, it is observed that as β increases the for-
bidden region also increases its area, disconnecting m2 and
m3 from the outer region. Moreover, the final state related
to the collision with m1 tends to disappear. In accordance
with the results presented in subsection 3.1, the structure
of the configuration space becomes smoother for larger val-
ues of β because the number of fixed points is reduced.
4.2. Case 2: m1 6= m2 = m3
The second case corresponds to two equally massed pri-
mary bodies. As noted in subsection 3.2, the mass of the
first primary is uniquely determined by m, hence, for the
sake of simplicity, in what follows we assume m2 = m3 =
0.25 and m1 = 0.5. This selection is justified by the fact
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Figure 6: (Color online). Orbital structure in the photogravitational Lagrange configuration of the PR4BP for the case m1 = 0.5, m2 =
m3 = 0.25 when the radiation factor varies, setting C = 2.7. The color code is the same as in figure 5.
that (as can be seen in Fig. 3) such configuration signifi-
cantly differs from the first case (m1 = m2 = m3) and the
third case (m1  m2,m3). Here, a numerical value of the
constant of motion which allows observing the variation
on the configuration space, when the radiation factor in-
creases, isC = 2.7. In Fig. 6 we plot the orbital structure
in the configuration space for nine different values of the
radiation factorβ. The color-coded is the same used in the
previous subsection.
The results for the present case can be summarized as
follows: In absence of radiationβ = 0 (see the upper-left
panel in Fig.6), each primary is embedded into a region
of stability islands which are surrounded by a very narrow
zone of chaotic orbits, however, unlike the previous case,
these regions are not surrounded by collisional orbits. As
in the case of equal masses, the outer region is mainly oc-
cupied by escaping orbits mixed with collisional orbits. In
the presence of radiation β = 0.125, the structures are very
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similar to the ones observed in the first panel, but the re-
gions of regularity associated to m2 and m3 are subdivided
forming an archipelago of 5 stability islands.
For larger values of the radiation parameter (e.g.β =
0.5), the chaotic zones tend to disappear and the num-
ber of regular islands aroundm1 and m2is increased, being
embedded into regions of collisional orbits. Also, it can
be noted that the forbidden region isolatesm1, whose pos-
sible orbits are only collisional withm1or regular. When
the radiation factor takes the valueβ = 0.875, the outer
region is formed by a large escaping region surrounded by
a regularity zone. Here, chaotic zones appear in the inner
and outer boundaries of the collisional regions ofm2 and
m3. Ultimately, for β = 1 (lower-right panel in Fig.6), the
foremost difference with the previous panels is that the
boundaries between each kind of orbit are well established
and the fractal-like structures disappear.
4.3. Case 3: m1 6= m2 6= m3
The last case under consideration concerns to the con-
figuration of different masses for the primaries. Follow-
ing the reasoning of subsection 3.3, we will use the values
of masses for the system Sun-Jupiter-Hektor-test particle,
i.e., m1 = 0.999046321943, m2 = 0.000953678050, and
m3 = 6.99996 × 10−12. It should be noted that in this
case, the Sun is almost located at the origin of the coor-
dinate system, Jupiter is approximately placed along the
negative x−axis, and Hektor lies on the third quadrant of
the coordinate plane.
With the increasing value of the radiation parameter β,
the most remarkable changes in the orbital structure of the
(x, y) plane are shown in Fig. 7. When the radiation is ab-
sent β = 0, a circular region of stability surroundsm1, with
the appearance of an inner well-defined circle of collisional
orbits withm1. The positions of the primariesm2andm3are
enclosed into a region of chaotic orbits, while the outer
region is composed by a mixture of chaotic, regular, col-
lisional and escaping orbits. For β ≥ 0.25, the forbidden
region of motion close itself off and hence the orbital struc-
ture drastically changes.
The main changes are related to the displacement of
the chaotic region to the exterior border of the forbidden
region and the increase of the extension in the region of
stability islands. The tendency for β > 0.625 is to reduce
the extension of the region of regular orbits and to increase
the region of escaping orbits (see the last row of panels in
Fig. 7).
4.4. A global overview
Hereabouts, we present a detailed overview of the or-
bital dynamics in the photogravitational Lagrange config-
uration of the PR4BP. Each case studied in the previous
subsections will be monitored by observing the evolution
of the percentage of all types of orbits as a function of
the radiation parameterβ. As indicated at the beginning
of section4, in general, we have 6 classes of orbits: colli-
sion with m1, collision with m2, collision with m3, escape,
chaotic and regular. Therefore, the percentage of orbits
gives us a quantitative measure of the number of orbits of
each type present in the configuration space, or in other
words, the most likely final state of a given initial condi-
tion.
Moreover, since our figures related to the orbital struc-
ture are in essence a set of initial conditions that are clas-
sified according to the final state of the trajectories, these
figures can be understood as a sort of basins of conver-
gence. Hence, as quantitative an indicator of the intricate
distribution of initial conditions corresponding to each or-
bit, we also plot the basin entropy introduced by Daza
et. al [38] which is a new tool to analyze uncertainty in
dynamical systems. The basin entropy is defined as
Sb =
1
N
N∑
i=1
NA∑
j=1
Pi,j log
(
1
Pi,j
)
. (16)
where Pi,j denotes the the probability that inside a box
i the resulting final state is j, NA is the total number of
final states and N the total number of cells in which the
whole region is subdivided1.
In Fig. 8, it is observed that for the case of equal
masses (m1 = m2 = m3 = 1/3) the majority of orbits
occupying the configuration space corresponds to escap-
ing orbits, and the minority percentage for 0 < β < 0.8
corresponds to chaotic orbits. For 0.8 < β ≤ 1, the per-
centage of collisions withm1tends to zero, while the regular
orbits stand in the second position oscillating between 4%
and 12%. The basin entropy shows a gradual tendency
to be reduced, which is in line with the results presented
in subsection3.1, suggesting that the uncertainty of the
basins is larger for the classical Lagrange configuration of
the PR4BP than for the photogravitational system with
β > 0.3.
In Fig.9, we present our findings for the case of two
equal masses (m1 = 0.5, m2 = m3 = 0.25). The results
are very similar to the ones observed in Fig.8,i.e., the vast
majority of orbits occupying the configuration space are
escaping orbits while chaotic orbits are the minority per-
centage, except for 0.8 < β ≤ 1, where the percentage of
collisions withm1tends to zero. In the same way, the basin
entropy exhibits a global tendency to be reduced up to the
final valueSb = 0.02.
Finally, in Fig. 10 it is observed that in the case of
different masses (m1 = mS , m2 = mJ , m3 = mA), the
trend of the previous cases is broken. Although the num-
ber of escape orbits still being dominant for β < 0.3 and
β > 0.6, in the interval of 0.3 up to approximately 0.6, the
percentage is dominated by regular orbits. Also, it should
be noted that in the interval 0 ≤ β < 0.2, the percentage of
regular orbits is about 20% followed in number by chaotic
orbits and collisions withm2. It should be pointed out that
1For a detailed explanation of the method, we refer the interested
reader to Refs. [38] and [39].
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Figure 7: (Color online). Orbital structure in the photogravitational Lagrange configuration of the PR4BP for the Sun-Jupiter-Trojan
Asteroid system when the radiation factor varies, setting C = 2.485. The color code is the same as in figure 5.
approximately around β = 0.55 the percentage of escape
and regular orbits are equally distributed. From this value
onwards, the increment in the percentage of escape orbits
is almost the same as the reduction in the percentage of
regular orbits. The breaking of the trend about β = 0.3
is also present in the basin entropy. In the right panel of
Fig. 10, it can be observed that for 0 < β < 0.2 the basin
entropy tends to decrease, however for 0.2 < β < 0.3 the
tendency is inverted with a growing entropy, returning to
a constant reduction up to approximately zero for values
of the radiation parameter larger than 0.8.
5. Concluding remarks
We numerically explored the orbital dynamics in the
Lagrange configuration of the photogravitational planar
restricted four-body problem with a unique radiating body.
In particular, we demonstrated how the radiation parame-
ter affects the position as well as the linear stability of the
11
Figure 8: (Color online). Parametric evolution of the percentages of each kind of orbit (left) and basin entropy Sb on the (x, y) plane (right),
as a function of the radiation parameter β. All other parameters have been set as in Fig. 5.
Figure 9: (Color online). Parametric evolution of the percentage of each kind of orbit (left) and basin entropy Sb on the (x, y) plane (right),
as a function of the radiation parameter β. All other parameters have been set as in Fig. 6.
libration points in all possible combinations of mass for
the primaries: equal masses, two equal masses, and three
different masses.
Additionally, we performed a systematic analysis of the
orbital structure on the configuration space by monitoring
the evolution of the percentage of all types of orbits as
a function of the radiation parameter.In general, we dis-
tinguish the following types of orbits: collision witheach
primary, escape, chaotic and regular. Another important
aspect of this work was the calculation of the basin entropy
to quantitative measure the uncertainty of the basins of
convergence formed by the set of final states of the orbits.
The most important conclusions of our study are the
following:
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Figure 10: (Color online). Parametric evolution of the percentage of each kind of orbit (left) and basin entropy Sb on the (x, y) plane (right),
as a function of the radiation parameter β. All other parameters have been set as in Fig. 7.
• In general, we observed that for larger values of the
radiation parameter, the total number of fixed points
tends to be diminished.
• When the primary bodies are equal mass, all the
equilibrium points are unstable regardless of the value
of the radiation parameter.
• In case of two equal masses for the primaries, the
libration points L2, L3, L4, L7, L8, L9, and L10, are
always unstable no matter the values set for the ra-
diation factor or the mass for the primaries.
• In the configuration of the Sun-Jupiter-Trojan As-
teroid equilateral triangle, only the L7 and L8 libra-
tion points are stable, which are roughly located at
the position of the non-collinear equilibrium points
of the planar restricted three-body problem formed
by the primaries Sun-Jupiter.
• As a consequence of the reduction in the total num-
ber of fixed points in the system for larger values of
radiation parameter, the basin structure of the con-
figuration space becomes smoother.
• Independent of the value of radiation for the first pri-
mary, the cases of equal masses and two equal masses
are dominated, to a large extent, by the presence of
escaping orbits.
• The parametric evolution of the percentage of orbits
in the Sun-Jupiter-Trojan Asteroid , shows that for
intermediate values of the radiation parameter (c.a.
[0.3, 0.55]), the vast majority of orbits occupying the
configuration space are regular orbits.
• The basin entropy in the Sun-Jupiter-Trojan Aster-
oid reaches a local maximum (similar to the one of
the non-radiating case) for values of the radiation
factor about β = 0.3
We hope that the current numerical results to be useful
in the active field of the dynamics of the four-body prob-
lem. Taking into account that our present outcomes are
inspiring, as well as positive, it is in our plans to extend
our investigation to two and three radiating primaries with
different combinations of mass.
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